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Free-Vortex Filament Methods for the Analysis
of Helicopter Rotor Wakes
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The theoretical basis and the numerical implementation of free-vortex � lament methods are reviewed for ap-
plication to the prediction and analysis of helicopter rotor wakes. The governing equations for the problem are
described, with a discussion of � nite difference approximations to these equations and various numerical solution
techniques. Both relaxation and time-marching wake solution techniques are reviewed. It is emphasized how the
careful consideration of stabilityand convergence (grid-independentbehavior)are important to ensure a physically
correct wake solution. The implementation of viscous diffusion and � lament straining effects are also discussed.
The need for boundary condition corrections to compensate for the inevitable wake truncation are described.
Algorithms to accelerate the wake solution using velocity � eld interpolation are shown to reduce computational
costs without a loss of accuracy. Several challenging examples of the application of free-vortex � lament methods
to helicopter rotor problems are shown, including multirotor con� gurations, � ight near the ground, maneuvering
� ight conditions, and descending � ight through the vortex ring state.

Nomenclature
A = rotor disk area, ¼R2 , m2

CP = rotor power coef� cient, P=½ A.ÄR/3

CPi = induced power coef� cient, Pi =½ A.ÄR/3

CP0 = pro� le power coef� cient, P0=½ A.ÄR/3

CT = rotor thrust coef� cient, T=½ A.ÄR/2

CTh = hovering rotor thrust coef� cient, Th=½ A.ÄR/2

c = rotor blade chord, m
D = � nite difference operator
h = perpendiculardistance from vortex element

to Lagrangian marker, m
N = number of helical vortex � laments
Nb = number of blades
n = time-integration index
P = rotor shaft power, W
Ph = ideal rotor-inducedpower in hover,

T 3=2=
p

.2½ A/, W
Pi = rotor-inducedpower, W
P0 = rotor pro� le power, W
p = rotor roll rate, rad ¢ s¡1

q = rotor pitch rate, rad ¢ s¡1

R = rotor radius, m
r = position vector of a Lagrangian marker, m
rc = core radius of vortex � lament, m
T = rotor thrust, N
Th = hovering rotor thrust, N
t = time, s
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V = velocity vector at a Lagrangian marker, ms¡1

Vc = axial (vertical) climb velocity, ms¡1

Vex = external velocity � eld, ms¡1

Vind = induced velocity, ms¡1

Vr ; Vµ ; Vz = radial, swirl, and axial velocities,
respectively,ms¡1

V1 = freestream velocity, ms¡1

vi = average induced velocity, ms¡1

x; y; z = Cartesian coordinates,m
0 = vortex � lament circulation (strength),m2s¡1

0v = tip vortex circulation (strength),m2s¡1

1³ = vortex age discretization, rad
1Ã = azimuthal discretization, rad
³ = wake age, rad
·ov = induced power rotor overlap factor
¸c = climb velocity ratio, Vc=ÄR
¸0 = average in� ow coef� cient
¹ = advance ratio, V1=ÄR
º = kinematic viscosity of � uid, m2s¡1

¾ = eigenvalue of time-integrationmethod, s¡1

Ã = azimuth angle, rad
Ãb = blade azimuth, Ät , rad
Ä = rotational velocity of rotor, rad ¢ s¡1

! = vorticity, m2s¡1

Introduction

T HE ability to de� ne and predict accurately the aerodynamic
environment at a helicopter rotor is essential for the design of

better helicopters with improved aerodynamic performance, lower
vibration levels, increased agility and maneuver capabilities, and
less obtrusive rotor noise. The concentratedvortices that are trailed
from the blade tips are the most dominant structures inside a heli-
copter rotor wake,1 and it is the strengths, structure, and locations
of these primary � ow features that must be represented accurately
by wake models. Whereas there are other signi� cant vortical com-
ponents comprising the rotor wake such as the inboard vortex sheet
trailed from the blades, the tip vortices contribute the most to the
local � ow velocities and signi� cantly impact the de� nition of the
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aerodynamic environment at the blades. Because uncertainties in
the prediction of rotor airloads propagate directly into design risk
and aircraft development costs, great emphasis has been placed on
improving the predictive capabilities of rotor wake and tip vortex
models that are used in the design of advanced helicopters.

The use of modern, � rst-principles-based computational � uid
dynamics (CFD) methods for the rotor wake has made some re-
cent inroads toward a better de� nition of the detailed � ow envi-
ronment at the rotor blades, especially near the blade tip, where
three-dimensional � ow and compressibility effects dominate the
problem.2¡4 Yet, the high computational costs and numerical limi-
tations encountered with CFD methods in preserving concentrated
vorticity (e.g., Ref. 5) have, so far, delayed the application of CFD
to many practicalproblems that require an accurate treatment of the
rotor wake. Another class of methods, called vortex methods, is an
excellentalternativeto CFD-based rotorwake methods.Althoughin
the last 20 years or so, general vortex methods have becomepopular
tools for the analysis of a wide range of aerodynamic problems,6;7

as early as 1965 helicopter analysts recognized and explored the
potential of vortex � lament methods for the analyses of helicopter
rotor wakes.8

In the applicationto helicopterrotorwakes, vortex � lament meth-
odshaveencompasseda varietyof differentapproaches.These range
from prescribed vortex techniques, where only the trailed vortices
are speci� ed a priori based on semi-empirical rules to more rig-
orous but computationally more demanding free-vortex or “free-
wake” methods, where the vortical elements are allowed to follow
force-free paths in accordance with the equations governing their
convection. Although computationally ef� cient, prescribed vortex
methods9¡11 are strictly limited in scope to hovering and level for-
ward � ight conditions that encompass the range of measured con-
ditions for which they were originally formulated. Therefore, pre-
scribed wake methods become much less useful as predictive tools
undermany � ightconditionsof practicalinterest,suchasdescending
� ight, � ight near the ground, and for various types of maneuvers.
Free-vortex methods, at least in principle, have fewer fundamen-
tal limitations and can be used to model more challenging � ight
conditions.

Free-vortexmethods are based on a discrete representationof the
rotor vorticity � eld and a Lagrangian representationof the govern-
ing equations for the wake elements and, when solved, determine
the advancement of the elements through the � ow. In essence, the
wake elements are allowed to convect and deform under the action
of the local velocity � eld to force-free locations. Such vortex meth-
ods have several advantages, including the inherent adaptivity of
the computational elements to the vortical � ow regions. Pioneer-
ing work in the application of free-vortex � lament methods to rotor
wake problems have been conductedby Crimi,8 Clark and Leiper,12

Scully,13;14 and others,15;16 and over the past three decades, several
differentnumerical approachesto the free-wakeproblem have been
developed. It is fair to say, however, that the predictive success of
such methodshas been consideredsomewhat mixed. This is, in part,
because of various inherent numerical issues in solving the wake
equationsand also because a full assessmentof their capabilitiesre-
quires compatible levels of modeling � delity for the blade motions
and aeroelastic deformations (e.g., Ref. 17), as well as equivalent
models for the nonlinear, unsteady airloads and initial wake rollup
(tip vortex formation) formation behind the blades.18¡20

The convectionof the vortex elements through the rotor � ow� eld
is the primary task handled by vortex methods, and a discussion of
the numerical methods used to solve this transport problem is the
main focus of the present paper. The methodologymay also include
some representation of viscous diffusion, vorticity intensi� cation
through the stretching of the vortex � laments, and possibly viscous
dissipation. The representation of viscous effects in vortex wake
methods is usually based on the use of semi-empirical rules (e.g.,
Ref. 21). However, the ability to integrate properly the convection
of vorticity in a form consistent with viscous effects is an aspect of
the problemthat is critical for accuratepredictionsof the rotorwake
geometry and its induced velocity � eld.22 Although it will become
clear from the examples shown that free-vortex � lament models

used for helicopter rotor wake analyses have now reached a good
level of maturity and predictive capability, further improvements in
numerical techniquesand more thorough validation of the methods
with experiments are still required.

Methodology
Governing Equations for the Rotor Vortex Wake

A description of the vorticity � eld in the rotor wake is governed
by the three-dimensional,incompressible,Navier–Stokesequations,
and can be represented in a velocity–vorticity (V; !) formulation7

as

@!

@t
D ¡ .V ¢ r/!| {z }

convection

C .! ¢ r/V| {z }
strain

C º1 ¢ !| {z }
diffusion

(1)

This equation de� nes the change of vorticity of a � uid element
moving with the � ow in terms of the instantaneousvalue of vorticity
! and the local velocity � eld V. The terms on the right-hand side
(RHS) of Eq. (1) correspond to convection, strain, and diffusion of
vorticity, respectively.

In many practical problems, it can be justi� ed that viscous
phenomena will be con� ned to much smaller length scales com-
pared to potential � ow phenomena. Therefore, vortex models use a
Lagrangiandescriptionof the � ow with discrete line vortices to rep-
resent concentratedlines of vorticity.This means that all of the vor-
ticity is concentratedalong the axis of each vortex � lament, forming
a vortex line singularity.Under incompressible,inviscid,irrotational
conditions, vortex lines move as material lines, and their motion is
describedby the motion of Lagrangian � uid markers.The equations
governing the behavior of these vortex � laments, therefore, reduce
to a much simpler convection (advection)equation of the form

dr
dt

D V; r.t D 0/ D r0 (2)

where r is the position vector of the point on the vortex � lament,
r0 is the initial position vector of the point, and V.r/ is the local
� uid velocity at the point r. Although a simple equation, the signif-
icant complication in its solution is because of the highly nonlinear
velocity � eld V, which results from the self and mutually induced
velocities of the entire vortex wake, as well as any external velocity
� eld (both spatially and temporally).

In a typical (discretized)free-vortex� lament scheme,Lagrangian
markers are placed on contiguousvortex � laments trailing from the
blades. Finding a solution for the motion of these markers, along
with changes in the vorticity of the � laments, de� nes the problem.
Any two successivemarkers on the vortex � laments must be linked
together, for which the most natural and simplest is a piecewise
linear reconstruction(Fig. 1).

Notice that, because of the helicoidal nature of a helicopter rotor
wake, the � laments are relatively long and the number of mark-
ers per � lament can be very large. This makes the tracking of the

Fig. 1 Schematic of rotor coordinate system and the Lagrangian dis-
cretization of the vortex � laments that are trailed from the blade tips.



LEISHMAN, BHAGWAT, AND BAGAI 761

markers computationally demanding in most cases. Furthermore,
numerous vortex � laments may be trailed along the blade span,
with their initial strengths and locations being de� ned by a lifting-
line or lifting-surface type of model. However, in the interests of
retaining the practical levels of computational ef� ciency that are
required for use in many applications,the vortex � lament scheme is
often implemented to representonly the behaviorof the tip vortices.
In this case, a viscous tip vortex rollup model may be implemented
(discussed later).

For the rotorproblem,the relationshipin Eq. (2) canbe formalized
as

dr.Ã; ³ /

dt
D V[r.Ã; ³ /] (3)

where r.Ã; ³/ de� nes the position vector of a marker lying on a
vortex� lament that is trailedfroma rotorblade locatedat an azimuth
Ã at time t (Fig. 1). Let t³0 be the time when the element was � rst
formed and when the bladewas located at .Ã ¡ ³/. BecauseÃ D Ät
and .Ã ¡ ³ / D Ät³0 , then ³ D Ä.t ¡ t³0 /. The left-hand side (LHS)
of Eq. (3) can be rewritten in terms of Ã , ³ , and Ä as

dr.Ã; ³ /

dt
´ @r.Ã; ³ /

@Ã

dÃ

dt
C @r.Ã; ³ /

@³

d³

dt

D Ä

µ
@r.Ã; ³ /

@Ã
C @r.Ã; ³/

@³

¶
(4)

and so Eq. (3) reduces to a partial differentialequation (PDE) of the
form

@r.Ã; ³ /

@Ã
C @r.Ã; ³ /

@³
D 1

Ä
V[r.Ã; ³ /] (5)

Equation(5)de� nes the governingequationfor the free-vortexprob-
lem applied to the rotor wake.

Notice that the LHS of Eq. (5) is a one-dimensionalwave equa-
tion. The characteristiclines for theproblemcan be determinedfrom
the general solution of the linearized PDE in Eq. (5) by setting the
RHS D const. These characteristic lines are oriented at an angle of
45 deg, requiring d³=dÃ D 1, that is, 1Ã D 1³ , and de� ne direc-
tions of information propagation along which the � nite difference
equation becomes an ordinary differential equation (ODE).

The complexity in the solution to Eq. (5), however, arises from
the velocity term on the RHS, which is a highly nonlinear function
of the rotor wake geometry. The total induced velocity � eld at each
Lagrangian marker is determined by the aggregate of the relative
freestream velocity, the contributions induced by all of the other
vortex � laments in the rotor wake, as well as the induced velocities
producedby the blades,and any other sourcesof external velocities.

It will be appreciated that the rotor wake solution must also be
coupled with the aerodynamic loading on the rotor blades, as well
as accounting for rigid and elastic blade motions (blade dynam-
ics) such as � apping and bending, lead/lag or in-plane motions,
and cyclic pitch changes. In most cases, the rotor will need to be
trimmed to a speci� c operating state, for example, rotor thrust and
disk orientation, by the application of blade pitch inputs through
pilot controls. This means that boundary conditions must be speci-
� ed to ensure that the physics of the problemare correctly modeled.
Speci� cally, all of the vortex � laments convectedinto the rotorwake
must originate at the locations of the blade(s) with appropriate ini-
tial strengths, and this is often done with the use of lifting-line or
lifting-surface models. In the case of a single rolled-up tip vortex
from each blade, the viscous-dominated tip vortex rollup and the
resulting initial values of the velocity � eld close to the vortex core
are modeled semi-empirically. The prediction of tip vortex forma-
tion consistently with the blade airloads, especially with advanced
tip shapes, is one of formidable complexity, and Rule and Bliss20

give a good overview of the fundamentals.

Discretization of the Governing Equation

A numerical solution to the rotor wake problem dictates a dis-
cretizationof both the LHS and the RHS of the governingequation,

which must be performed in a manner that will ensure a consistent
order of approximation between both sides. The discretization of
the governing PDEs results in a set of � nite difference equations
(FDEs) that can be solved using numerical integration techniques
(discussed later). The formulation of an integration methodology
that is numerically robust (accurate, stable, versatile, and computa-
tionally ef� cient), however, is not an easy task.

LHS of the Governing Equation

The partial derivativeson the LHS of Eq. (5) must be discretized
in the two domains, Ã and ³ . This is done by dividing the rotor
azimuth domain into a � nite number of angular step sizes of 1Ã
around the rotor azimuth. The wake vorticity is then segmented
spatiallyalong the vortex � lament into curvilinearelementsof equal
angular increments of step 1³ (Fig. 1). A discretized form of the
LHS of Eq. (5) can be written in � nite difference form as

DÃ C D³ ¼ @r
@Ã

C @r
@³

(6)

where D is a � nite differenceoperator. Ideally,Eq. (6) must be con-
sistentwith the PDE in that in the limiting case of zero discretization
it approaches exactly the two derivatives being approximated.

One simple approachto � ndinganapproximationto Eq. (6)would
be to use a simple backwarddifferenceabout point r.Ã; ³ / such that

DÃ D r.Ã; ³ / ¡ r.Ã ¡ 1Ã; ³ ¡ 1³ /

1Ã
(7)

with a similar equation for D³ . Although simple, this solution is
only � rst-order accurate and would give unacceptably large errors
in the wake solution. Despite this, this simple approach has seen
some use in rotor wake analyses, with the numerical issues being
suppressed by external damping or overrelaxationapproaches.

The relaxation-based free-vortex wake analysis of Crouse and
Leishman23 and Bagai and Leishman24 is based on � nding both
derivatives DÃ and D³ in Eq. (6) at the midpoint of a grid cell using
the values at surrounding grid points. Crouse and Leishman23 use a
three-pointscheme, whereas Bagai and Leishman24 use a � ve-point
difference approximation,which helps enhance numerical stability.
The stencil for the latter scheme is shown in Fig. 2a and results in

DÃ ¼ dr
dÃ

­­­­
Ã C 1Ã=2;³ C 1³=2

D

[r.Ã C 1Ã; ³ C 1³/ ¡ r.Ã; ³ C 1³/] C [.r.Ã C 1Ã; ³/ ¡ r.Ã; ³/]

21Ã

(8)

with an analogous approximation for the spatial derivative D³ .
To � nd the order of accuracy of this particular FDE, each term

can be expanded as a Taylor series around the cell evaluation point
at r.Ã C 1Ã=2; ³ C 1³ =2/ to give

DÃ C D³ D @r
@Ã

C @r
@³

C
³

1
24

@3r
@Ã 3

C 1
8

@3r
@Ã2@³

´
1Ã 2

C
³

1

24

@3r
@³ 3

C 1

8

@3r
@Ã@³ 2

´
1³ 2 C ¢ ¢ ¢ (9)

It is apparent that the leadingterms in theexpansionof the difference
approximations are of the order of O.1Ã 2/ and O.1³ 2/, so that
this central difference approximation to the governing equation for
the wake is second-order accurate in both Ã and ³ .

It is of further signi� cance in this case to show that, for the ho-
mogeneous form of Eq. (5), the mixed derivatives in Eq. (9) can
be written as @3r=@Ã@³ 2 D ¡@3r=@Ã3 , @3r=@Ã2@³ D @3r=@Ã 3 , and
@3r=@³ 3 D @3r=@Ã 3, so that the discretization error in Eq. (9) can
be written as

² D
³

1Ã 2

24

@3r

@Ã 3
¡ 1Ã 2

8

@3r

@Ã 3
C 1³ 2

8

@3r

@Ã 3
¡ 1³ 2

24

@3r

@Ã 3

´
C ¢ ¢ ¢

(10)
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a) Five-point central difference stencil

b) Backward difference stencil for time derivative

Fig. 2 Stencils for � nite difference approximations to derivatives in
governing equation for wake solution.

Because 1Ã D 1³ in the physical problem, the � nite difference
scheme becomes exact because, as Eq. (10) shows, the truncation
errors cancel.

The LHS of the discretized form of the governing equation in
Eq. (6) canobviouslybewritten in severalotherforms.In developing
a time-accurate solution to the rotor wake problem, Bhagwat and
Leishman25 have used information at three previous time steps to
approximatethe DÃ time derivative.In this case, the � nitedifference
approximation[thepredictor–correctorwith second-orderbackward
difference (PC2B) scheme] is

DÃ ¼ @r.Ã C 1Ã=2; ³ /

@Ã

D 3r.Ã C 1Ã; ³/ ¡ r.Ã; ³ / ¡ 3r.Ã ¡ 1Ã; ³ / C r.Ã ¡ 21Ã; ³ /

41Ã

(11)

forwhich thestencilis showninFig. 2b.For thisbackwarddifference
approximation, using a Taylor-series analysis about the evaluation
point at r.Ã C 1Ã=2; ³ / gives

DÃ D @r
@Ã

¡
³

5
24

@3r
@Ã 3

´
1Ã 2 C

³
1
4

@4r
@Ã 4

´
1Ã 3 C ¢ ¢ ¢ (12)

Therefore, this approximation is second-order accurate in time at
the evaluation point.

When this approximation for DÃ is used along with the � ve-
point central difference approximationfor the spatial derivative D³

as earlier, the LHS of the governing equation can be written as

DÃ C D³ D @r
@Ã

C @r
@³

C
³

¡ 5

24

@3r
@Ã 3

C 1

8

@3r
@Ã 2@³

´
1Ã 2

C
³

1

8

@3r
@Ã@³ 2

C
1

24

@3r
@³ 3

´
1³ 2 C

1

4

@4r
@Ã 4

1Ã 3 C ¢ ¢ ¢ (13)

where all of the derivativesare evaluated at the midpoint of the grid
cell. The leading error terms in Eq. (13) are second-order in 1Ã
and 1³ , con� rming the second-order accuracy for this scheme.

RHS of the Governing Equation

The contributing elements to the RHS of the governing equation
in Eq. (5) need careful delineation and can be written as

V D V1 C Vind C Vex (14)

The freestream velocity components V1 relative to the rotor gen-
erally constitute a simple velocity vector. The term Vex can be con-
sidered as a general external velocity term, representinga variety of
contributions including maneuver effects (discussed later).

The induced velocity term Vind is the most complicated (and nu-
merically expensive to evaluate) element of V, comprising the self-
and mutual-induced velocities from all of the vortical � laments in
the rotor wake. The induced velocity at any point must be deter-
mined by integrating along the length of each curvilinear � lament,
and because the resulting integral cannot be evaluated exactly, it
must be approximated by numerical summation with discrete vor-
tex elements or segments. Several possible discretization schemes
have been used for rotor wake analyses, including the use of vortex
blobs,26 vortex particles,27 straight-line segmentation,24;25;28;29 and
curved vortex elements.30 Another method, also using curved ele-
ments, which is called the constant vorticity contour approach,31;32

is a alternative method worthy of note.
Straight-line segmentation of the vortex � laments is by far the

most common form of discretizationbecause the induced contribu-
tion of each vortex segment can be evaluated exactly from the well-
known Biot–Savart law. The velocity induced at a point located at
position r relative to a vortex element dl is determined using

Vind D 0

4¼

"
h2

¡
r 2n

c C h2n
¢1=n

# Z
dl £ r
jrj3

D 0

4¼
K

Z
dl £ r
jrj3

(15)

where h is the perpendicular distance of the evaluation point from
the in� uencing vortex element (Fig. 1), rc is de� ned as the core
radius (discussed later), and 0 is the circulation strength of that
vortex element. The factor K desingularizes the equation as r ! 0.
The integer n in the K term in Eq. (15) de� nes the form of the
velocity pro� le, which for rolled-up tip vortices may be de� ned
based on empirical evidence.21 [Note that if n ! 1, the Rankine
vortex pro� le is obtained. If n D 1, the Scully model14 or Kaufmann
model33 is obtained, and if n D 2, then an algebraic approximation
to the Lamb–Oseen vortex model (see Ref. 34) is obtained.]

The induced velocity from any segment can be written as
Vind.Ãk ; ³l I ³i /, which represents the velocity at the Lagrangian
marker at r.Ãk ; ³l / induced by the i th straight-line vortex segment
extending from r.Ãk; ³i ¡ 1/ to r.Ãk; ³i /. Therefore, the net induced
velocity at point r.Ãk ; ³l / can be expressed as a sum over all vortex
elements over all vortex � laments by using the summation equation

V[r.Ãk; ³l /]jdiscrete D
NbX

n D 1

N³X

i D 1

Vind

µ
Ãk C .n ¡ 1/

2¼

Nb
; ³l I ³i

¶
(16)

This type of summation by straight-line segmentation of the vor-
tex � laments is analogous to trapezoidal quadrature, which can be
shown to be second-order accurate for problems involving curved
or circular elements.29

However, caution should always be employed with numerical
integration schemes involving the Biot–Savart law. It was shown
in Ref. 25 that for rotor wake problems the discretized evaluation
of the induced velocity � eld usually also results in the inclusion of
higher-order antidissipative terms into the solution. Such negative
dissipation is nonphysical, and unless controlled by some positive
numerical dissipation in the numerical solution to the LHS of the
governingequation, these inherent antidissipativeeffects can result
in unbounded,nonphysical growth of numerical disturbances.
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Integration Schemes

It is important to develop numerically ef� cient methodologies
with acceptablylow computationaloverheadsso that the wake mod-
els can be used in a variety of practical rotor applications.Whereas
several integration techniques are possible, the choice of numeri-
cal scheme is usually a compromise between numerical accuracy,
stability, and computationalef� ciency.

The discretizationof the governingPDE for the rotorwake results
in a governingequationthat can be written in the representativeform

dr

dt
D Dr C V .r; t/ (17)

where D is the spatial discretization.One such equation applies to
every Lagrangian marker in the rotor wake, effectively resulting in
a system of simultaneous ODEs. In an Euler explicit integration
scheme, a new solution for the wake is obtained by extrapolating
from the previous step by means of a single, backward difference
step, that is,

rn C 1 D rn C [Drn C V .rn/]1t (18)

Although this scheme has seen some use in helicopter rotor wake
applications,the schemeis only � rst-orderaccurateand resultsin the
rapid accumulation of discretizationerrors. Therefore, this method
becomes unstable, even with the addition of arti� cial numerical
damping. An implicit differencescheme to solve the same equation
involves current step information as

rn C 1 D rn C [Drn C 1 C V .rn C 1/]1t (19)

In this case, information at the .n C 1/th step has not yet been de-
termined. Therefore, V must � rst be linearized using a Taylor ex-
pansion, resulting in what would be called a semi-implicit scheme.
This approach was used in the free-vortex wake scheme developed
by Miller and Bliss.35 Although numerical errors are reduced with
this technique, it becomes computationallyvery expensive in appli-
cation because it requires the solution of a large set of simultaneous
linear equations at each step.

A technique to improve the accuracy and stability of explicit
schemes may be made by using predictor–corrector (PC) schemes,
a point recognizedby Crouse and Leishman,23 without the need for
arti� cial numerical damping. The predictor step is used mainly to
obtain an intermediate solution at the new time step to enable the
induced velocity calculations to proceed. However, a disadvantage
of PC schemes is that they require two velocity� eld calculationsper
time step. In the PC approach, the corrected solution at the current
nth step is obtained by averaging the induced velocity from the
previous .n ¡ 1/th step with the predicted induced velocities from
the current nth predictor step at the current step.

Predictor:

Qrn C 1 D rn C [Drn C V .rn/]1t (20)

Corrector:

rn C 1 D rn C [D Qrn C 1 C V .Qrn C 1/]1t (21)

The enhanced stability and increased convergence rates of PC
schemes generally outweigh the additional computational expense
of performing two induced velocity calculations per step.

Another improvement to the PC scheme for the free-vortexprob-
lem was introduced in Refs. 24 and 36, resulting in what is known
as a pseudoimplicit PC (PIPC) scheme, where the predictor is

Qrn C 1 D rn C [D Qrn C 1 C V .rn/]1t (22)

and the corrector is

rn C 1 D rn C
©

Drn C 1 C 1
2 [V .Qrn C 1/ C V .rn/]

ª
1t (23)

It will be apparent that the explicit predictor step has been modi� ed
into a pseudoimplicit equation because the velocity � eld is calcu-
lated explicitly from the previous time step, yet the position vectors

at the current (predictor) time step, Qrn C 1 , also appear on the RHS.
The predictorequation,therefore,is no longer fullyexplicit.24;36 The
correctorstep incorporatesan averagingschemewherebyan average
of the velocity � eld from the previous time step and the predicted
value are used to update the corrected position vectors. This helps
to further improve the stability characteristicsof the scheme and to
enhanceconvergence.Once again, the positionvectorsat the current
time step also appear on the RHS, as well as making the corrector
step a pseudoimplicit equation.

Note that the velocity terms on the RHS of Eqs. (22) and (23) are
still treated explicitly in that the � nal values for the induced veloci-
ties are computed using an average of those at the previous step and
the predicted values from the current iteration.The position vectors
Qrn C 1 are predicted values returned by the explicit predictor step.
The “pseudoimplicitness”of the PIPC results in a scheme in which
information is propagated very rapidly through the computational
domain.

Methods of Implementation

Two main classes of free-vortex wake solution methodologies
for solving the governing equations have been developed, namely,
iterative(or relaxation)methodsand time-marchingmethods.Time-
marching free-vortexmethods potentiallyoffer the best level of ap-
proximation to the rotor wake problem and with the fewest restric-
tions in application.However, these methods have proven suscepti-
ble to types of instabilitiesresulting from the initiationof numerical
microstructures (Ref. 37), thereby reducing the con� dence that a
physicallyrealisticsolutionhasbeenobtained.Properlydistinguish-
ing between the known physical instabilities of rotor wakes38 and
those that are numerical in origin has proven to be a major hindrance
in the development of reliable and robust time-accurate free-vortex
wake models for helicopter rotor applications.25

Relaxation methods that explicitly enforce periodicity of the
evolving wake are applicableonly to steady-stateproblems, but are
usually (but not always) found to be free of the numerical problems
that are often associated with time-marching solutions. Such relax-
ationmethods include in� uence-coef�cient-basedmethods,28;39 and
semi-implicit40 or pseudoimplicitmethods.24;36;41

Relaxation Approach

Relaxation methods assume that the wake structure is globally
periodic at the rotational frequency of the rotor. This assumption is
imposed on the wake geometry by mapping the temporal coordinate
Ã to a spatial coordinate with a periodic boundary condition. The
governingequationfor thewake in Eq. (5) is thenmodi� ed to include
a pseudotime term, that is,

@r

@ Qt
C

@r
@Ã

C
@r
@³

D V.r/ (24)

Equation (24) is solved in the pseudotime domain Qt until a steady
state is reached.Some form of classicalnumerical relaxationis used
in the pseudotime integration.Note that the intermediate iterations,
or pseudotime steps, do not have any physical signi� cance. How-
ever, when the solution has converged and so does not change with
Qt , the Qt derivative in Eq. (24) vanishes, and the original governing
equation (5) is recovered, albeit with periodicity in Ã .

In the implementation of the relaxation approach, the blade
azimuth location Ã is frozen in time, and the positions of each
Lagrangian marker on the vortex � laments are successively up-
dated. The initial or starting induced velocity � eld is usually calcu-
lated based on a rigid or otherwise prescribed initial wake geome-
try, that is, r0 is de� ned a priori based on either the assumption of
a rigid, undistorted wake, a semi-empirical approximation,11;42 or
some other previous solution. The position vector updates proceed
using an integrationschemeappliedalong the vortex � lament length
for each blade azimuth location.

The concept is shown in Fig. 2a, which shows the propagation
of information in the computational domain. Note that each vortex
� lament is attached to its respective blade/near wake at its point
of origin, which de� nes the boundary condition in the ³ direction,
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and periodicity is assumed in the Ã direction. Further details of
implementing boundary conditions are given in Refs. 24 and 36.

Like any relaxation scheme, it is necessary to impose a mathe-
matical convergencecriterionfor this type of wake solution.Usually
this is done based on a measure of the L2 or L1 norm of the change
in the wake geometrybetweensuccessiveiterations.Convergenceis
reachedafter the normof the current iterationwith respectto the � rst
iteration drops below a certain prescribed threshold.The change in
the norm must fall below this value to ensure that the wake struc-
ture has properly converged and the wake geometry exhibits no
appreciable change between successive wake iterations, that is, a
periodic solution has been reached. Relaxation methods for the ro-
tor wake usually show rapid monotonicconvergencecharacteristics
under most � ight conditions and so are generally computationally
ef� cient.

Time-Marching Approach

Therearemanyapplicationsin helicopteraerodynamicsforwhich
relaxation methods are unsuitable because the physics of the rotor
wake cannot be assumed globally periodic. Such unsteady environ-
ments include rotor wake/airframe interactionproblems, operations
near the ground, transient maneuvering � ight conditions, autoro-
tational � ight, or when operating in descending � ight through the
vortex-ring state. In a time-marching algorithm, the time evolution
of the position vectors of each wake Lagrangian marker can be ex-
pressed by

dr.Ã; ³ /

dÃ
D D³ C V[r.Ã; ³ /]jdiscrete D F [r.Ã/; Ã] (25)

As already shown, a second-order, � ve-point central difference ap-
proximation can be used to � nd the spatial derivative ³ , and the
RHS of Eq. (25) can be representeddiscretelyas F[r.Ã/; Ã ]. Time-
marching algorithms can also take advantage of the numerical im-
provements produced by a PC sequence.Although any initial wake
geometrycan be speci� ed from which to march the solution, the ini-
tial or starting inducedvelocity� eld is usually a relaxationsolution.
This helps minimize the transients (and numerical costs) associated
with the initial condition that would otherwise be introduced into
the time-marching solution

The stability of the time-integrationalgorithm is particularly im-
portant to ensure proper wake convergence.An issue in the solution
of Eq. (25) is in the treatment of the time derivativeÃ . As shown in
Ref. 25, a linearized stability analysis can be used to understand the
basic stability characteristics.To do this, a representative equation
may be considered

dr

dt
D ¸r C ae¹t (26)

where ¸, ¹, and a are constants. The exact solution to Eq. (26) is
given by

r.t/ D r.0/e¸t C a[.e¹t ¡ e¸t /=.¹ ¡ ¸/] (27)

The solution is assumed to have the form r n C 1 D ¾r n , and the so-
lution for ¾ gives the eigenvalues of the time-marching algorithm.
The linear stability criterion requires that the ampli� cation factor
for each time-step, that is, j¾ j, must be less than or equal to unity,
that is, j¾ .¸ D i!1t/j · 1, where 1t is the step size. This implies
that the eigenvalues for ¸ D i!1t must always lie within the unit
circle in the complex ¾ -plane.

The earlier described PC2B time-marching algorithm applied to
the representativeequation in Eq. (26) gives for the predictor

Qrn C 1 D rn C 1
2 ¸1t. Qrn C 1 C rn/ C 1

2
a1te¹n1t (28)

and for the corrector,

3rn C 1 D rn C 3rn ¡ 1 ¡ rn ¡ 2 C 2¸1t .rn C 1 C rn/

C 2a1tfexp.¹n1t/ C exp[¹ ].n C 1/1t ]g (29)

Fig. 3 Principal eigenvalues for four time-marching wake algorithms.

The eigenvaluesare givenby the solutionsto the characteristicequa-
tion .3 ¡ 2¸1t/¾ 3 ¡ .1 C 2¸1t/¾ 2 ¡ 3¾ C 1 D 0. Becausethe time
integration involves three time steps, at least in this case, there are
three eigenvalues.The principal eigenvalue¾1 is the most important
for the accuracy of the solution, which is given by

¾1 D 1 C ¸1t C 1
2 ¸21t 2 C 1

2 ¸31t3 C 1
8 ¸41t 4 C 1

8 ¸51t 5 C ¢ ¢ ¢

(30)

The � rst three terms in Eq. (30) indicate that the solution is second-
order accurate in time.

The principal eigenvalue for the PC2B algorithm is shown in
Fig. 3 as a function of discretization, along with the eigenvalues
for three other representative time-marching algorithms. The for-
ward Euler algorithm is a one-step explicit method and is given
here as a reference because it has historically been used in sev-
eral implementations of free-vortex wake schemes. The Adams–
Moulton fourth-order (AM4) algorithm, which has been suggested
by Jain and Conlisk,43 is a good referencebecauselike the preceding
scheme it is also a two-step PC method. The PC with central dif-
ference (PCC) algorithm is another central-differencingscheme.25

The results in Fig. 3 show that the explicit Euler method is inher-
ently unstable for all levels of discretizationbecause the eigenvalue
always lies outside the unit circle. The AM4 algorithm is formally
fourth-orderaccurate,with the eigenvalueclosely following the unit
circle for small values of !1t, but it, too, is unstable, albeit only for
larger values of !1t. The PCC algorithm is always neutrally stable
with no damping. Finally, the PC2B algorithm is shown to be stable
for all values of discretizationand with slightly positive damping.

As already mentioned, the equations governing the wake are
highly nonlinear and, therefore, the foregoing linear stability analy-
sismay onlybe consideredindicativeof the stabilityof thenumerical
algorithm. To better understand the stability of the nonlinear equa-
tions, modi� ed equations corresponding to these algorithms can be
examined. For example, a Taylor-series expansion shows that the
PC2B algorithm is a second-order accurate approximation to the
original governing equations, that is,

@r
@Ã

C @r
@³

D V.r/
Ä

C O.1³ 2/ (31)

Including more terms in the Taylor-seriesexpansionof the discrete
� nite difference equations gives the so-called modi� ed equations.
For example, including up to fourth-order terms gives
@r
@Ã

C @r
@³

D V.r/
Ä

C 1³ 2[dispersive terms]

C 1³ 3 [dissipative terms] C O.1³ 4/ (32)

The � nite difference equation is, therefore, a fourth-order accurate
approximation to the modi� ed equation. The numerical solution is
also a fourth-order accurate approximation to the solution of the
modi� ed equation, while being only a second-order approximation
to the solution of the original governingequation in Eq. (5). There-
fore, the modi� ed equations can be used to determine the stability
of the numerical solution.
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It was shown in Ref. 25 that the discretized evaluation of the
induced velocities from the rotor wake usually results in the addi-
tion of higher-order antidissipative terms. Note that antidissipation
is nonphysical and results in unboundedexponentialgrowth of any
numerical disturbances,that is, the modi� ed equation itself is unsta-
ble. Therefore,numericalsolutionsobtainedusing the Euler explicit
or AM4 algorithms, which do not provide any positive dissipation,
also exhibit nonphysical instabilities. The PC2B algorithm is one
class of algorithms that introduces additional dissipative terms into
the modi� ed equations. This effectively cancels the antidissipative
terms, thereby making the equations stable.

Viscous Effects

In general, viscous phenomena are usually con� ned to much
smaller length scales compared to potential � ow phenomena.How-
ever, the epicycloidal structure of a helicopter wake geometry im-
plies that the detailed viscous structureof concentratedvortices and
vortex sheets can be important even at large length scales, for ex-
ample, of the order of the rotor radius. In helicopter rotor � ows,
the preponderance of interactions between blades and wake vortex
� laments means that the modeling of viscous effects and the veloc-
ity � eld near the � lament core must go beyond ad hoc “cutoffs” or
other approaches designed simply to desingularizenumerically the
Biot–Savart law. Typically, the viscous structure and associateddif-
fusion of the vortical � laments is incorporatedusing semi-empirical
models.1 These models may be applied to individual vortex � la-
ments (such as the vortex sheet) through the factor K in Eq. (15) or
to the completely rolled-up tip vortex [which would use 0 D 0v in
Eq. (15)], and it should be recognized that different visocus models
may be applied in each case.

Simple Lamb-like exponentialor algebraicmodels for the rolled-
up tip vortex are popular choices for K because these are computa-
tionallyef� cient and are known from correlationstudieswith exper-
imental measurements to give good approximationsto the structure
of a concentrated tip vortex. A commonly used model for K is the
algebraic model suggested by Kaufmann33 and later by Scully.14

This model represents the velocitydistributionnear the vortex core,
but measurements suggest that it may underpredict the peak swirl
velocity.44;45 A general family of algebraic velocity models for K
was proposed by Vatistas et al.,46 for which certain models show
good comparisons with the observed swirl velocities measured in
rotor tip vortices.21;24;47;48

The viscous growth of the core of the vortex � laments with
time t can be approximated by the Lamb–Oseen result that
rc.t/ D

p
.4®ºt/, where ® D 1:25643. The tangential velocity for

the Lamb–Oseen model as a function of distance r from the vortex
axis can be written as

Vµ .Nr/ D .0v=2¼rc/
£¡

1 ¡ e¡® Nr2 ¢¯ Nr
¤

(33)

Squire49 suggestedan effectiveorigin offset to give a � nite vortex
core at the origin of the tip vortex, a condition necessary in practice
to avoid in� nitely large velocities at t D 0. With the use of Squire’s
approach, the growth in the viscous core radius of a blade tip vortex
relative to the blade at which it originated can be modeled by

rc.³ / D
p

4®±º[.³ ¡ ³0/=Ä] ´
p

r 2
initial C 4®±º³=Ä (34)

where ³0 can be viewed as a virtual origin.
Squire49 further proposed inclusion of an apparent or eddy-

viscosity parameter ± in Eq. (34) to account for effects of turbulent
mixing on the diffusion rate of the tip vortex. This apparent viscos-
ity coef� cient ± must be a function of the vortex Reynolds number
0v=º. Because, in practice,free lift-generatedvorticesdissipatetheir
energy only slowly with time, the strength of the tip vortex is found
to remain nominally constant,21;44;50;51 and so it is reasonable to
assume a constant value of ±. Representative values of ± for heli-
copter rotor vortices range from as low as 10 (at model scale) up
to more than 1000 (at full scale), as veri� ed through experimental
correlation.52 Note that, in general, it can be dif� cult to distinguish
between changes in vortex core size resulting from viscous diffu-
sion independently from changes resulting from � lament straining
becausevorticesconvectin the � ow behindanaircraft.Incorporation

of Lamb-like vortex models, including a representation of viscous
diffusion, generally give improved correlations between measured
and predicted wake geometries and blade loads.24;36

Filament Straining

Because the Lagrangian markers are allowed to convect freely in
the wake solution, the vortex � laments will be strained as adjacent
markers move relative to each other. Because Helmholtz’s third law
requires the net strength of any vortex � lament to remain constant,
the product of the vorticity and its cross-sectional area must also
remain constant.Stretching the vortex � lament, therefore, increases
its vorticity. For an axisymmetric vortex tube, this means that the
area of the tube containingthe vorticitymust decrease, leading to an
effective decrease in the size of the viscous core and a consequent
change (increase) in the magnitude of the local induced velocity.

Such strainingeffects on � laments can be particularlysigni� cant
in regions where adjacent � laments come into close proximity. For
helicopterapplications,such situationsinclude the rollupof individ-
ual tip vortices into bundles on the advancing and retreating sides
of the rotor disk, when the rotor is at high rates of descentwhere the
wake may recirculate in the plane of the rotor, or in ground effect,
where the presence of the ground on the rotor � ow causes the wake
to expand radially away from the rotor disk.22 In many cases, � la-
ment straining effects are small compared to the effects of viscous
diffusion, but the effects may not be negligible.

To analyze this straining effect with the vortex � lament method,
assume that rl ¡ 1 and rl are the position vectors of two adjacent
markers on a � lament (Fig. 1). Because the � laments are straight
segments, the line vector of the � lament is l D rl ¡ rl ¡ 1 . Therefore,
the rate of change in � lament length is given by

dl
dt

D d.rl ¡ rl ¡ 1/

dt
D Vl ¡ Vl ¡ 1 (35)

which means that the stretching of the � lament can be determined
in terms of the velocities of the Lagrangian markers. Because the
� lament method requires only the change in the magnitude of the
vorticity of each straight � lament and not the local vorticity for
each � uid particle, then using the conservation of mass with the
assumption of incompressible � ow allows the change in the area
over which the vorticity is distributed,that is, essentially the change
in the viscous core radius, to be established using

1rc D rc

£
1 ¡ .² C 1/¡ 1

2
¤

(36)

where ² denotes the � lament strain 1l=l. Although the exact treat-
ment of the � lament stretching problem is relatively complex and
several different numerical implementations may be possible, the
preceding approach includes straining effects on the vortex � la-
ments to be represented along with their advection as a correction
to the Biot–Savart induced velocities.

Far-Field Boundary Conditions

As alreadymentioned,the LHS of Eq. (5) is a wave equationwith
a characteristicspeed equal to unity.The integrationof this equation
requiresone initial conditionin time,Ã , andoneboundarycondition
in space, ³ . This is satis� ed by attaching the vortex segments with
appropriate initial strengths and viscous core structure (vorticity)
to the blade at their origin at ³ D 0. If the wake is subsequently
truncated after some � nite vortex age, for example, ³max, another
boundaryconditionmay be required.By the natureof thebasicwave
equation, the solution propagates along the characteristic lines with
dÃ=d³ D 1 using informationfrom previous steps, and no boundary
condition is required at the truncation point. However, the induced
velocity source term on the RHS of Eq. (5) certainly requires a
boundary condition to be satis� ed in the far wake.

To better understand the reason for such a boundary condition,
the induced velocities can be written in a compact discrete form as

Vind.Ãk ; ³l / D
1X

i D 1

V.Ãk ; ³l I ³i / (37)
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where V.Ãk; ³l I ³i / is the velocity inducedby the i th vortexelement
extending from r.Ãk; ³i ¡ 1/ to r.Ãk ; ³i / at a collocation point at
r.Ãk ; ³l /. The net induced velocity is found by integrating along
the length of each vortex � lament extending from the blade tip to
in� nity. The induced velocity can be further divided into two parts
as

Vind.Ãk ; ³l / D
lX

i D 1

V.Ãk ; ³l I ³i /

| {z }
younger vortex elements

C
1X

i D l

V.Ãk ; ³l I ³i /

| {z }
older vortex elements

(38)

The force-freeequilibriumpositionof each vortex segment collo-
cation point located at r.Ãk ; ³k / is given by an equilibriumbetween
these two components of the induced velocity. If the wake is trun-
cated at ³max, then only one part of the induced velocity is affected.
Equation (38) can be rewritten to identify the velocity terms:

Vind.Ãk ; ³l / D
lX

i D 1

V.Ãk; ³l I ³i /

| {z }
younger

C
ImaxX

i D l

V.Ãk ; ³l I ³i /

| {z }
older

C
1X

i D Imax

V.Ãk; ³lI ³i /

| {z }
wake truncation

(39)

When the point r.Ãk ; ³l / is near the wake-truncation region, that
is, ³l is close to ³max, the equilibrium position of the collocation
point would be disturbed by the effects of truncation. Therefore, a
far-wake boundary condition will be required to represent correctly
the induced velocities there.

Note that in forward � ight or climbing � ight such a truncation
boundaryconditionmay not be required.This is because the relative
errors introduced by truncation are smaller, that is,

relative velocity errors D
P1

i D Imax
V.Ãk ; ³l I ³i /

Vfreestream C
P1

i D 1 V.Ãk ; ³l I ³i /
(40)

from truncation

where Vfreestream can be viewedas an externalvelocityresulting from
forward or climbing � ight.

There are several approaches that have been used to de� ne a
boundary condition in the far wake of a hovering rotor. One ap-
proach is to prescribe an semi-in� nite cylinder of vorticity extend-
ing to in� nity. The induced velocity of a vortex cylinder can be
calculated analytically (Refs. 53 and 54). Another variation is to
use a stack of vortex rings (e.g., Refs. 30 and 55). However, these
approachesare only applicable to hovering� ight. Another parsimo-
nious approach would be to use prescribed wake geometry for the
wake beyond a speci� ed number of free turns (e.g., Ref. 15). Such
approachesare suitable for many quasi-steady� ight conditions,but
any prescribed boundary conditions are generally unsuitable for
time-accurate wake calculations.

A more preferable approach in dealing with wake truncation is
to use a velocity � eld extrapolation technique. Figure 4 shows a
schematic that helps explain the idea of velocity � eld extrapolation.
The free-vortex solution is � rst solved up to N wake turns. Addi-
tional wake turns are then speci� ed as a boundary condition. For
suf� ciently large N , it is reasonable to assume that the induced ve-
locity� eld from the N C 1th turn is nearlythe sameas that of the N th
turn. To extrapolate the induced velocity � eld, the free-vortexwake
is calculated up to, for example, a wake age of ³F . For collocation
points older than ³F , the velocity � eld is not explicitly calculated,
but extrapolatedalong the characteristic,dÃ=d³ D 1. Therefore, this
gives

V.Ãk ; ³i / ¡ V.Ãk ¡ 1Ã; ³i ¡ 1³ /

D V.Ãk ; ³i ¡ 2¼/ ¡ V.Ãk ¡ 1Ã; ³i ¡ 2¼ ¡ 1³ / (41)

where an equaldiscretization.1Ã D 1³ / has been assumed.There-
fore, the velocity � eld for the boundary condition turns of the rotor
wake can then be calculated.

Hovering � ight

Forward � ight

Fig. 4 Schematic of the far-� eld extrapolationboundarycondition for
the rotor wake.

Wake Solution Acceleration Algorithms

Because of the large number of � eld markers in a typical free-
vortex wake problem, the integration schemes can be relatively
costly for routine use, especially when coupled to a rotor perfor-
mance or other iterativedesignanalysis.Some accelerationmethods
have used simpli� ed wake models based on ring vortices, lim-
ited wake distortion degrees of freedom (e.g., Ref. 16), analyti-
cal approximations for curved vortex segments (e.g., Ref. 11) or
exploitation of parallel computing capabilities (e.g., Ref. 56). The
most common approach, however, is simply to reduce the num-
ber of induced velocity � eld calculations. This can be done by
updating the induced velocities less frequently by using fewer vor-
tex elements in the discretized wake, by subdividing the wake
into near-� eld and far-� eld regions of weak and strong in� u-
ence, or by more elegant near-� eld/far-� eld matching procedures
(e.g., Ref. 27). However, although successful in decreasing execu-
tion times, resulting higher-order velocity � eld errors associated
with the approximations may still undermine the accuracy of the
wake predictions. Linear interpolationof the positions of the wake
markers simply to effect a larger number of points, such as dis-
cussed in Ref. 57, does not improve the net accuracy of the wake
solution.

Methods for using an interpolated velocity � eld in free-vortex
wake calculations was introduced by Bagai and Leishman.58 The
underlying goal was to perform fewer explicit induced velocity
calculations using the Biot–Savart law, while retaining the accu-
racy and � delity of the wake solutions. For equal discretization
(1Ã D 1³ ) with NÃ D 2¼=1Ã azimuthalstepsper rotor revolution,
the number of vortex segments in each wake turn is N³ D NÃ D N .
Therefore, the number of Biot–Savart calculations required is
Nb NÃ N 2

³ D Nb N 3. Velocity � eld interpolation reduces the effec-
tive number of Biot–Savart calculations by using both “free” and
“pseudofree” Lagrangian markers. For the case where 1³ > 1Ã ,
the induced velocities are calculated explicitly only at the free La-
grangian markers spaced at 1³ and by linear interpolation of the
velocity � eld at the pseudofree markers. Therefore, the number of
Biot–Savart evaluationsis decreasedby a factorcorrespondingto the
ratio of the discretization1³ =1Ã . For example, with 1³ D 21Ã ,
the number of Biot–Savart calculations is reduced by a factor of
four to .Nb N 3/=4. In a time-marching approach, this interpolation
scheme is applied after each time step, whereas when using the
relaxation algorithm, the interpolationis applied over the entire do-
main with a wake interation.

In addition to the overall lower cost of a relaxation algorithm,
another advantageis that azimuthal interpolationcan be used where
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1Ã > 1³ . The basic approach is similar to that describedfor vortex
� lament interpolation, the difference being that the interpolation is
performedat a constantvortex age along the blade azimuth.This re-
sults in a computationalsaving of a factor of 1Ã=1³ of the number
of Biot–Savartvelocityevaluationpoints.However, the totalnumber
of wake markers remains unchanged.For example,with 1Ã D 21³
times, the number of Biot–Savart calculations is reduced by half to
.Nb N 3/=2. The blade attachment boundary condition, that is, the
� rst Lagrangian marker, needs special treatment in this case. These
values may be obtained by interpolating the blade � apping angles
with respect to Ã or, alternatively,by exactly solving for a periodic

Blade 1 at Ãb = 0 deg

Blade 2 at Ãb = 90 deg

Blade 3 at Ãb = 180 deg

Blade 4 at Ãb = 270 deg

Fig. 5 Predicted topviews of the rotor tip vortex trajectories comparedwith � ow visualizationmeasurements; results for each bladeshown separately.

Blade 1 at Ãb = 0 deg

Blade 2 at Ãb = 90 deg

Blade 3 at Ãb =180 deg

Blade 4 at Ãb = 270 deg

Fig. 6 Predicted side views of the rotortipvortex trajectories compared with � ow visualizationmeasurements; results for each bladeshown separately.

blade � apping solution at all blade azimuthal locations. Azimuthal
interpolation is a redundant acceleration technique for the time-
marching approachbecause it is always necessary to use small time
(azimuthal) steps to preserve accuracy in time.

Results and Discussion
Rotor Wake Geometry

The validity of any wake model can only be determined through
comprehensive correlation studies with experimental measure-
ments. Figures 5 and 6 show an example of the top (plan) and side
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view of the rotor wake generated by a four-bladed rotor operating
in forward � ight. The results are for an advance ratio of ¹ D 0:15, a
thrust coef� cient ofCT D 0:008, and the rotor shaft tilted forwardby
3 deg. The trajectoriesof the tip vortices from each blade are plotted
separately for clarity. The predicted trajectories are compared with
measured tip vortex displacements from Ref. 59, which were deter-
mined using smoke seeding with a strobed laser sheet visualization
technique.

Notice that the free-wake predictions show good overall agree-
ment with the experimental results. When viewed from above
(Fig. 5) the tip vortex trajectories trace out essentially epicycloidal
trajectories,with only slight in-planedistortions.Only at the lateral
edges of the wake is some distortion notable, which is because of
the rollup between individual vortices and the formation of vortex
bundles. The small radius of curvature of the wake � laments in this
region requires closely spaced markers to capture the rollup cor-
rectly. Although the streamwise displacementsclosely resemble an
epicycloidal form, the vertical displacementsof the tip vortices un-
dergo much larger distortions, as shown in Fig. 6. Notice that the
tip vortices remain very close to the tip-path plane at the front of
the rotor disk, but convect quickly downward as they reach the rear
of the disk. In most cases, there are many close encountersbetween
the blades and the tip vortices, which are called blade–vortex in-
teractions (BVIs). Accurate prediction of the unsteady airloads and
noise associated with BVI demands that the wake be modeled to a
good level of accuracy.

Grid Sensitivity

To bephysicallymeaningful,the free-vortexwake solutionshould
be insensitive to grid discretization, a result that can only be veri-
� ed by numerical experiments. Although the exact (mathematical)
solution for the wake problem is indeterminate, a numerical solu-
tion with a � ne grid discretization can be considered as the exact
solution for the purpose of estimating the order of accuracy. Also,
because both stability and consistency are necessary for solution
convergence, numerical experiments can also verify the stability of
the solution algorithm.

Representative results are shown in Fig. 7 for a four-bladed
rotor whose geometry and operating conditions correspond to
the experiments of Ref. 59, as already described. These results
were computed using the time-marching PC2B algorithm. The top
(plan) and side views of the rotor wake geometry are shown in
Figs. 7a and 7b for different levels of discretization. Only the
tip vortex from a reference blade at Ãb D 0 deg is shown in this
case to preserve clarity. Notice that only the solution with the
coarser discretizationof 1Ã D 1³ D 20 deg shows signi� cant dif-
ferences from the other solutions; the solutions corresponding to
1Ã · 10 deg are much closer. As shown in Fig. 7c, the numer-
ical errors relative to the 1Ã D 2:5 deg solution exhibited good
second-order accuracy. This type of accuracy check veri� es that
not only is the selected algorithm stable but also that the � -
nal numerical solution is stable, consistent, and, therefore, prop-
erly convergent. Similar results were obtained using the relaxation
approach.

Accelerated Wake Solutions

An example of the wake geometry obtained using linear veloc-
ity � eld interpolation with a time-marching algorithm is shown in
Fig. 8 for a rotor operating in hovering � ight. The axial wake dis-
placements are shown in Fig. 8a as a function of vortex age for
two equal discretization levels of 1Ã D 1³ D 2:5 and 5 deg along
with a solution obtained using linear velocity � eld interpolation
for 1Ã D 2:5 and 1³ D 5 deg. The solution using interpolation
closely resembles the solution obtained using � ner resolution, that
is, 1³ D 1Ã D 2:5 deg. The convergencetrends obtained using the
interpolation technique with 1³ D 21Ã are shown in Fig. 8b. The
velocity � eld interpolationshould yield a second-orderaccuracy in
the tip vortex locations, which is con� rmed by the quadratically
decreasing convergence trend shown. Note that for any given dis-
cretization 1Ã , the errors using interpolation are larger than the
correspondingerrors for the baselineequal discretization.However,

a) Top view of wake geometry

b) Side view of wake geometry

c) Convergence trend

Fig. 7 Numerical errors with increasing grid discretization as a func-
tion of discretization to verify convergence of the PC2B algorithm; for-
ward � ight solution, forward shaft tilt angle of = ¡¡ 3 deg, CT = 0.008,
and ¹ = 0.1.

the errors are signi� cantly smaller than the correspondingerrors for
the baseline solution with 1Ã D 1³ , that is, the errors in interpo-
lated solution with 1Ã D 5 deg and 1³ D 10 deg are smaller than
those for the baseline solution with 1Ã D 1³ D 10 deg. Therefore,
velocity � eld interpolation is one technique that can be used to ob-
tain accuratewake solutions without the computationaloverheadof
a � ner discretization.Similar results were again obtained using the
relaxation method.
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a) Axial and radial tip vortex displacements

b) Wake convergence trend

Fig. 8 Velocity � eld interpolation used in the free-vortex wake solu-
tion with D ³ = 2 D Ã to reduce computational expense; hovering wake
solution, four-bladed rotor, and CT = 0.008.

Multirotor Con� gurations

Measurements and prediction of the performance of multirotor
con� gurations have received some attention in the literature60¡63

and mainly use an extension of the simple momentum theory. The
free-vortex wake methodology can be extended to model multiple
rotor con� gurations such as coaxial rotors, overlapping tandems, or
side-by-sidecon� gurationssuch as tilt rotors.A tandemoverlapping
rotor con� guration is one of the most interesting and challenging
because there are powerful interactionsbetween the two developing
rotorwakes,and the performanceof the rotorsmay be quite different
compared to two isolated rotors.

The free-vortexwake analysisof multirotorwake interferencehas
been considered in Refs. 64 and 65. An example of the wake-on-
wake effects produced by a tandem overlapping design is shown in
Fig. 9, which is for hovering � ight with the rotors both operating at
a thrust coef� cient of CT D 0:008. Signi� cant interactions between
the two rotor wakes are clearly evident in the rotor overlap region
along the edges between the two rotor wakes (Fig. 9a), although the
top view of the wakes (Fig. 9b) shows that these distortions are not
just con� ned to the overlap region. Notice the much higher axial
convection velocity of the � laments that are trailed into the overlap
region.

The performance of overlapping rotors is usually approached
semi-empirically.63 A momentum theory analysis of tandem rotors
can be used as a reference for this problem, which is based on the
idea of overlapping areas of the rotor disks. The momentum theory
results are shown in Fig. 10 in terms of an overlap induced power
factor ·ov as a function of rotor separation, along with free-vortex
wake predictions for increasing rotor separation distance and dif-

a) Top view

b) Side view

Fig. 9 Representative predicted wake geometries for a tandem, over-
lapping rotor con� guration operating in hover.

Fig. 10 Induced power overlap factor for tandem rotors in hover as
a function of separation distance between rotors; experimental results
from Refs. 60 and 63 (Vol. 2, Chap. 5).

ferent vertical spacing between the rotors. The free-vortex results
used a four-bladed rotor, with linear blade twist. Note that, because
momentum theory is based on uniform in� ow and noninteracting
overlap areas, no interference effects are predicted, that is, ·ov D 0,
for d=R ¸ 1 for no vertical rotor spacing or for d=D > 0:854 where
the lower rotor operates in the fully developed slipstream of the
upper rotor. In the latter case, the wakes remain fully overlapped if
d=D < 0:14645, and so the interference factor ·ov remains constant
over this region.



770 LEISHMAN, BHAGWAT, AND BAGAI

Notice that the free-wakeanalysisresults shown in Fig. 10 suggest
that there is a range of values of d=D for which there is a favorable
interference between the two rotors giving slightly lower induced
power requirements, that is, ·ov < 1. This is because the vortical
rotor wakes interact with each other resulting in wake distortion
effects, which, for some conditions, tend to slightly decrease the
induced power requirements. This implies that helicopter con� gu-
rations with closely spaced multiple rotors can potentially be aero-
dynamically more ef� cient than a single rotor with the same disk
loading.

Ground Effect

The performance of a helicopter rotor may be affected signif-
icantly by the presence of a solid boundary such as the ground,
which may constrain the development of the rotor wake. This phe-
nomenon,calledgroundeffect, is apparentin actual� ightoperations
as well as during wind-tunnel testing of rotors. For in-groundeffect
(IGE) operations in hover and at very low forward speeds, there is
usuallya favorableeffect in that the rotor power required to produce
a given thrust is lower than the power required out-of-groundeffect
(OGE).

The vortex wake methodologycan be applied to study the ground
effect phenomenon by one of two approaches. First, the method
of images can be used. In this approach, a second rotor with the
identical aerodynamic loading and wake geometry as the real rotor
is placed in such a way as to create an image plane of symmetry
between the two. Second, a surface singularity method can be used
where the boundary condition of � ow tangency is explicitly applied
on the ground surface, and the induced effects of these surface sin-
gularities are accounted for by modifying the net velocity � eld. See

a) Side view

b) Top view

Fig. 11 Exampleof a predicted wake geometryusing methodof images
to simulate ground effect, four-bladed rotor, CT = 0.008, forward shaft
tilt ®s = 10 deg.

Representative measurements from Sheridan and Wiesner (see
Ref. 69)

Free-vortex wake scheme

Fig. 12 Rotor power requirements IGE relative to hover power OGE
as a function of rotor height off the ground and forward � ight speed.

Refs. 65–68 for applications of the vortex wake method to ground
effect problems.

A representative prediction of the rotor wake when in� uenced
by the ground is shown in Fig. 11 for a four-bladed rotor operating
in forward � ight. The method of images has been used, where real
rotor is located1.5R above the ground plane, with the mirror-image
rotor being located1.5R below the ground plane.This mirror-image
rotor rotates in a counter direction to the real rotor, and its thrust is
directed vertically downward. The side view of the resulting rotor
wake structure, which is shown in Fig. 11a, suggests signi� cant
wake distortionsin the regionwhen the wake approachesthe ground
plane. These distortionschange the velocity � eld and also in� uence
the development of the wake closer to the rotor and can possibly
affect the rotor performance.Of signi� cance in this case is the large
stretching of the vortex � laments in the far wake rollup region,
suggesting the need for a higher resolution representation of the
wake for these types of problem.

The top view of the rotor wake is shown in Fig. 11b and vividly
illustrates the distortion to the rotor wake resulting from the in� u-
ence of the ground. Notice that ground effect causes the rolled-up
trailing vortex bundles to move laterally away from the the edges
of the rotor (c.f. Fig. 5), in effect resulting in an apparent increase
in the effective aspect ratio of the rotor. In hovering � ight and for
some range of advance ratios, this gives a very favorable decrease
of the induced power required to generate a given thrust (Fig. 12).
Notice, however, that there can be a rapid increasein power required
as the helicopter transitions from hovering � ight IGE into forward
� ight IGE relative to the correspondingpower requiredOGE, which
has been documented experimentally.69 Generally the effects of the
ground are found to be small when the rotor is more than 3R above
the ground plane and/or for advance ratios greater than 0.10.

Maneuvering Flight

The ability to predict the aerodynamic response of a rotor un-
der maneuvering � ight conditions is fundamental to the improved
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design of modern military helicopters. Many real maneuvers that
helicopters routinely perform, such as turns, involve small angu-
lar rates compared to the rotor rotational frequency; typical rates
are p=Ä; q=Ä · 0:025. Therefore, the computational bene� ts of
a relaxation-based vortex wake model can be used to represent
quasi-steady maneuvering � ight aerodynamics, provided that any
transient effects introduced into the wake resulting from the ma-
neuver are of a relatively short time period. However, a time-
accuratewake model will usuallybe necessaryto representproperly
high-rate maneuvers, such as transient pull-ups and wind-up turns,
and to investigate the time evolution of the rotor wake and rotor
response.

General maneuvers comprise combinations of translational and
angularmotions and especially involve rates and accelerations.The
effects can be modeled using an additional contribution to the local
velocity vector on the RHS of Eq. (14). Angular rates about the roll,
pitch, and yaw axes contribute heavily to the wake distortions pro-
duced during maneuvers.The equivalentexternal velocity resulting
from rate-type maneuvers can be determined from a cross product
of the maneuver rate vector .p; q; r/ and the position vector of a
wake element r using

Vex D ¡.p; q; r/ £ .x; y; z/

D ¡.qz ¡ ry/Oi C .pz ¡ rx/ Oj C .qx ¡ py/ Ok (42)

The � rst term in Eq. (42),which is the x or streamwisecomponentof
the velocity resulting from a pitch rate q and/or a yaw rate r , essen-
tially produces a skewing distortion of the wake. The second term,
which is the y or lateral component of the velocity resulting from

Side view of wake for nose-up pitch rate with q/X = 0.012

Rear view of wake for starboard roll rate with p/X = 0.012

Fig. 13 Representative predicted wake geometries for a four-bladed
rotor opering in forward � ight at ¹ = 0.10 and CT = 0.008 during a
simulated maneuvers.

a roll rate p and/or a yaw rate r , produces a skewing in the lateral
direction. The third .qx ¡ py/ term in Eq. (42) results in an asym-
metric axial stretching distortion of the wake, which appears like
a wake curvature. Figure 13 shows representativewake geometries
for a four-bladed rotor opering in forward � ight.

These maneuver-inducedwake distortionsresult in changesto the
rotor-inducedvelocities, and, hence, to the rotor airloads and blade
� appingresponse,and are responsible,at least in part, for dif� culties
in predicting the so-called off-axis response of helicopters during
certain maneuvers.70¡73 This off-axis effect can manifest as a pow-
erful initial pitch response to pilot roll input commands and so is an
undesirable � ight characteristic. The relative effects of maneuver-
inducedwake distortionon the induced in� ow distributionwill be a
function of advance ratio, as well as for positive and negative pitch
and roll rates mainly because of the highly nonaxisymmetricnature
of the wake in forward � ight.74

For example, Fig. 14a shows the component of the on-axis
(longitudinal) in� ow gradient perturbation resulting from a posi-
tive (nose-up) quasi-steady pitch rate motion as a function of ad-
vance ratio for a four-bladed articulated rotor. The kinematic in-
� ow gradient produced by the maneuver, which is simply ¡qx=¸0,
where ¸0 is the mean or average in� ow, shows a negative per-
turbation for positive pitching rate. This perturbation slowly in-
creases in magnitude, which is because of the initial decrease
in mean rotor in� ow with increasing advance ratio. Notice that
at low advance ratios, including hover, the free-vortex wake
predicts maneuver-induced wake distortions that change the in-
� ow perturbation in a sense opposite to the kinematic effects.
It is also signi� cant that at ¹ ¼ 0:1 the trend reverses and the
maneuver-induced wake distortion results in an in� ow gradient

a) Induced in� ow perturbations

b) Blade � apping response

Fig. 14 Induced in� ow perturbations and corresponding blade � ap-
ping response for a four-bladed rotor resulting from an imposed pitch
rate of q/X = 0.012 as a function of advance ratio.
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perturbation that is now in the same sense as the kinematic in� ow
perturbation.

The correspondingchange in lateralblade � appingresponse1¯1s

for this nose-up pitch rate problem is shown in Fig. 14b. The ¯1s

term determines the lateral tilt of the rotor disk, and so is a measure
of the tendency for the rotor to roll, that is, an off-axis response in
this case. The blade � apping predicted using the kinematic in� ow
gradients alone was found to be nominally constant with advance
ratio. However, the solution obtained by using the free-vortexwake
method along with simultaneous time integrationof the blade � ap-
ping equations showed that in hover and at low advance ratios the
blade � apping was smaller than would be predictedwithout includ-
ing the maneuver-induced wake distortions, at least for this rotor.
At higher advance ratios, the wake distortion effects produced in-
� ow gradients similar in magnitude to the kinematic gradients, po-
tentially resulting in a more pronounced off-axis blade � apping re-
sponse.Although this result does not explain the signi� cant off-axis
blade � apping found during � ight tests with some helicopters, the
rotor wake dynamicsclearly plays a signi� cant role in the maneuver
problem.73

Vortex Ring State

Another challenging application for vortex wake models is to
predict the aerodynamic conditions at the rotor during descending
� ight. In low-speed descents, the � ow at the rotor can be signi� -
cantly unsteady (aperiodic), with the maximum � uctuations in the
rotor response occurring near the vortex ring state (VRS).75¡78 The
VRS phenomenon usually manifests itself as a substantial increase
in the required power for equilibrium � ight because it is neces-
sary to overcome the additional aerodynamic losses as the rotor
descends into its own wake. As a consequence, the VRS condi-
tion is often referred to by pilots as “settling with power.” More
important, however, the unsteady � ow obtained during transition
into and through the VRS may result in highly � uctuating blade
airloads leading to considerable blade � apping and poor control
effectiveness. Although sustained operation in the VRS is unde-
sirable, transition through the VRS may be required to reach au-
torotative conditions, and so prediction of the airloads and ro-
tor performance in the VRS is of particular interest to the rotor
aerodynamicist.

Whereas simple momentum theory has been used to analyze this
VRS problem,79;80 it is strictly invalid in the VRS because of the
ambiguity in de� ning a single � ow direction and a well-de� ned
slipstreamboundary that encompassesonly the rotor disk area (e.g.,
Ref. 1).Also, periodic(relaxation)vortexwakemodels fail to predict
the rotor behaviornear the VRS becauseof the inherentaperiodicity
of the � ow, and a time-accurate wake model must be used.

To illustrate the transient,unsteadynature of the � ow state during
operation in the VRS, Fig. 15 shows the free-vortex wake predic-
tions of the thrust and power, as well as the blade � apping (coning)
angle, for a rotor starting from hover and rapidly accelerating into
verticaldescent.Furtherdetailsof the approachare given in Refs. 81
and 82. The collectivepitch of the rotor is reducedcompared to that
required for hovering � ight, but no attempt was made here to trim
the rotor during this transient � ow problem. Note that the results
in Fig. 15 have been normalized with respect to the equilibrium
values in hovering � ight. As the rotor � rst begins to descend, only
small oscillations in rotor thrust and blade � apping are observed.
However, during the transition into the VRS as the rotor descends
into its own wake, the rotor performance and � apping responses
show signi� cant unsteadiness. During this transition process, the
rotor begins to extract power from the surrounding air, and the
� ow surrounding the rotor becomes highly aperiodic. As the de-
scent rate increases further, the rotor begins to transition out of
VRS and enters into the windmill brake state, where autorotation is
achieved,as shown by the near-zeropower consumptionin Fig. 15c.
At these higher rates of descent, the � ow again becomes mostly
periodic.

Figure 16 shows the correspondingpredictionsof the rotor wake
boundary during the transition from hover through the VRS into
steady descending descent. At low descent rates, as shown by

a) Rotor thrust

b) Rotor power

c) Blade � apping

Fig. 15 Representative time-history predictions of rotor thrust, rotor
power, and blade � apping during transition from hover through the
VRS to axial descending � ight.

Fig. 16b, the rotor wake begins to move up into the plane of the
rotor disk. As shown in Fig. 16c, for higher rates of descent, the
wake contracts and moves up through the rotor disk, and this corre-
sponds to the beginningof the � uctuationsshown in Fig. 15. As the
descent rate increases further and exceeds a descent velocity that
is of the same magnitude but of opposite direction to the average
induced velocity through the rotor, that is, Vc C vi < 0, the wake
rolls up around and through the rotor disk, with most of the discrete
blade tip vortices trailed into the wake being bundled into the plane
of the rotor see (Fig. 16d). This is symptomatic of the VRS, and
Fig. 15 has already shown that it is accompanied by the highest
oscillations in blade airloads and rotor � apping response. If the de-
scent rate continues to increase so that Vc C vi ¿ 0, the rotor enters
into the turbulent wake state, which is a � ow state with relatively
lower � uctuating loads, but it is still a relatively unsteadycondition.
At the highest descent rates, the rotor begins to enter the windmill
brake state, and the wake attains a mostly periodic (axisymmetric)
wake structure.
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a) Hovering � ight

b) Low descent rate

c) Beginning of vortex ring state

d) VRS

e) Larger descent rate approaching turbulent wake state

f) Windmill brake state

Fig. 16 Rotor wake boundary as viewed in a plane normal to the rotor disk during transition from hover through the VRS into axial descending
� ight.

Figure 17 shows the complete induced velocity curve for a ro-
tor in axial (vertical) � ight. The � ight regime of interest for the
VRS is for ¡2 · Vc=vh · 0, where momentum-based theories are
strictly invalid because of the reasons already mentioned. Exper-
imental results are shown along with numerical predictions using
the time-accuratefree-vortexwake model. The inducedvelocitywas
determined from an estimate of the induced power, which was es-
timated from the measurements of total shaft power by assuming
that the pro� le power P0 is a function of the thrust alone and does
not depend on the axial velocity. Therefore, the pro� le power was
estimated from the measurements in hovering � ight with the in-
duced power being approximated by the simple momentum theory.
The induced power in axial � ight was then calculated by subtract-
ing the pro� le power and loss of potential energy per unit time

from the total measured power usingC Pi D CP ¡ CP0 ¡ ¸cCT , from
which the inducedvelocity ratio can be obtainedfrom ¸i D CPi =CT .
Notice from Fig. 17 that at low descent rates both the experi-
mental results and the predictions generally follow the nonphys-
ical branch of the momentum theory solution. However, in this
region, the averaged induced velocity is considerably higher than
that predicted based by momentum theory alone. This is because
under these conditions the rotor operates inside its own vortical
wake, so that to produce the same thrust the rotor must consume
more induced power. The free-vortex results were found to be
in good agreement with the measurements, including operations
deeply inside the VRS. In particular, note that the magnitude of
the � uctuations are well predicted in this highly nonsteady � ow
state.
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Experimental measurements76 ¡ 78

Free-vortex wake predictions

Fig. 17 Complete induced velocity curve for a rotor in vertical de-
scending � ight through the vortex ring state.

Conclusions
Over the last 30 years, there has been good progress,by means of

a variety of computational methods, in representing the physics of
helicopter rotor wakes. However, the complete understanding and
rigorousnumericalmodeling of the problem still remains one of the
greatest challenges facing rotor analysts. This paper has reviewed
the theoretical basis and numerical implementation of one class of
free-vortex � lament methods, which have proven to be robust and
� exible numericalmethods that can be applied to the predictionand
analysis of helicopter rotor wakes.

In vortex � lament methods, the rotor wake is discretizedinto vor-
tex � laments de� ned by a series of Lagrangian markers. It has been
shown how thegoverningequationfor the free-vortexwake problem
can be reduced to a system of ODEs that describe the convection
of these markers through the � ow. Finite differenceapproximations
to the governing equations have been described, along with a dis-
cussion of numerical solution algorithms using both relaxation and
time-marchingtechniques.It is arguedhow thecarefulconsideration
of consistency,numerical stability, and convergenceof the solution
algorithms is important to ensure a physicallycorrect wake solution
that exhibits a grid-independent behavior with a desired order of
accuracy.

Several examples of the applicationof free-vortex� lament meth-
ods to helicopter rotor problems have been shown, including the
wake structure and performance of single- and multirotor con� gu-
rations, the � ight in ground effect, the effects on the wake dynam-
ics during maneuvering � ight conditions, and the descending � ight
through the vortex ring state. Whereas free-vortex � lament models
used for helicopter rotor wake analyses have now reached a good
level of maturity and predictive capability, further algorithmic im-
provements and better validation of the methods are still required.
In particular, research is required to integrate more rigorously the
bladewake and tip vortex rollupmodels and viscouseffects (suchas
turbulent diffusion of vorticity) into vortex � lament methods, while
still retaining their relatively good computational ef� ciency.
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